A new method for the design of robust fault reconstruction filters is introduced in this paper. The method is based on shaping the map from disturbance inputs to the fault estimation error through frequency weighting functions and formulating the problem as a robust observer design where the input-output error map is minimized by solving a set of matrix inequalities. A numerical example consisting of ten states, two known inputs, four measured outputs, one disturbance and three faults is considered. Through this example, it is shown that the frequency shaping renders far superior performance than existing conventional methods when properly incorporated in the observer design problem.
Introduction
Fault detection and isolation (FDI) has been the subject of extensive research for some time now, but especially since early 1990s [1] [2] [3] [4] . The interest in this line of research stems from its practical application to a variety of industries such as aerospace [5, 6] , energy systems [7, 8] , industrial applications [9] , [10] , and process control [11] , to name a few. The main function of an FDI scheme is to detect a fault when it happens, which may then be acted on in a variety of ways, such as sending alarm signals, taking protection measures, or reconfiguring a running control scheme.
The most commonly used schemes are observer based [4] . Two approaches have been successfully extensively studied: the residual generation approach [2] and the direct approach [12] . In the residual generation approach, a signal is generated and flagged when an abnormal (faulty) condition takes place in the system. In the direct approach the fault is directly reconstructed using unknown input observer theory and its location and characteristics are determined online. A shortcoming of all of these approaches is that changes in the system operating condition and or variations in the system parameters result in estimation error and may lead to inaccurate detection of faults.
To overcome this problem, sliding mode observers have been proposed, for their ability to account for model inaccuracy. This particular class of observer based techniques was first reported by a group of researchers [13] , [14] , [15] . However, in these approaches the sliding motion is used to detect the presence of fault only and not its location or characteristics.
To illustrate the salient features of the new approach, we consider a 10 th order system and inject different combinations of simultaneous faults in the state and output measurements. We will show that for this particular system, the frequency shaping produces exact fault reconstruction while the alternatively designed observer without frequency shaping fails to do so.
Problem Statement
In this paper we consider a system (plant) of the following description: . We show that this extension results in a new LMI based problem, which when solved yields a significantly superior estimation outcome. This will be verified through an extensive set of comparison studies using a 10 th order faulty system, where the faults under various scenarios are estimated by both this new approach and the conventional method [17] .
Development of Fault Detection Method

State-Space Model
In the following the plant output described by equation (2) is first partitioned into faultfree and fault-dependent parts. The fault dependent part is then passed through a dynamic filter [18] , which is then augmented with the plant state equation and the frequency shaping filter to produce a standard overall state-space model. Let be an orthogonal matrix such that: 
where f A is chosen as a stable matrix. Let a frequency weighted filter be defined as . The matrices
Ω are appropriately dimensioned matrices that represent the state-space model of the filter. Substituting these definitions into (1) yields:
Augment equations (7), with the filter equations to obtain:
The system of equations (8) - (9) can now be written in the standard state space form:
A sliding mode observer in the form of (3) - (4) can now be designed for this system to reconstruct the fault signals f, [21] . 
Robust Fault Reconstruction Using a Sliding Mode Observer
where . The matrix 21 ) are the invariant zeros of (A,M,C) and are stable. Full proof is given in [21] . A sliding mode observer for this system of the form described by equations (3) and (4) has been proposed in [21] , where, in the coordinates of (12), the gain matrix G n is assumed to have the following structure
is a symmetric positive definite matrix, and . If we define the state estimation error as , then from equations
(10), (11) , (3), and (4) the following error system is obtained:
It has been proven in [19] that the error vector e is norm bounded, and a sliding motion will take place in finite time on the surface { } Condition (i): there exists a matrix P with the structure 11 11
, that satisfies 
Observer Design
Introduce a further change of coordinates on the parameters in 
,1 1 2
The structure of C in (15) implies that the bottom p elements of the error e are the output estimation error e y . Partition the error system (13) in the new coordinate system as follows: 
Assume that a sliding motion has occurred, and hence (16) and (17) reduce to: 
where with
being a design matrix [19] .
Pre-multiply both sides of equation (19) by WT T and define as the fault estimation error to get the following fault error equation:
Equations (18) and (22) show a state-space system from the uncertainty vector ξ to the fault estimation error e f . In the ideal case where there is zero uncertainty, the vector e f will be zero and the fault estimate will be an exact replication of the fault f. The problem that needs to be solved now is to minimize the effect of the uncertainty on the fault estimation error, by appropriately choosing matrices , and . This problem can be formulated and solved using LMIs in the form of the Bounded Real Lemma [19] .
The observer design is such that the L^f 
where with 11 11 22 22 , 
The other matrices are defined as: 
The parameters is simply an identity matrix, which is the same as in [19] . However, for the frequency weighted case ( ) ( ) ( )
It is worth mentioning that the objective of the design method proposed in this paper is to introduce additional flexibility into the design procedure. This is achieved by placing emphasis over a desired frequency range by adding frequency weights to 'shape' the solution. Therefore the conventional performance optimization problem has been greatly enhanced. The effect of this can be seen in (8) where a set of states associated with the frequency weighting filter is introduced. This is reflected in inequalities (23) - (25) 
Design Examples
A 10 th -order system with two known control inputs, one unknown external disturbance input has been generated to test the performance of the new approach presented in this paper. To illustrate the fault detection capabilities, we introduced two faults in the state equations, representing actuator failures, and one fault in the output measurements, representing sensor failure. The parameters for this test system in the notation of (1) 
In order to be able to design a frequency-shaping observer, the frequency characteristics of the unknown input disturbance is required to be known. While this is normally the case in practice, for this particular Matlab generated example, we arbitrarily select the frequency range of the external disturbance vector to be to 0.5 rad./s. Furthermore, the disturbance 0.005 ξ and faults f are assumed to be norm bounded by 1.5 ξ < and 3 f < .
Sliding Mode Observer Design
In the following we design two sliding modes observers for the system described above.
The design of the first is a straightforward application of existing theory [18] (without frequency weighting), while the design of the second is based on the approach of this paper, where frequency shaping is used. Later in section 5, detailed comparison of the two performances is provided.
Observer design without frequency weighting
Combine p x and to obtain:
For the observer design, the design parameters were chosen as γ o =100 and D 1 =I 4 , and
The LMI toolbox returned the following parameters in the original coordinates. 
It is obvious that the value of ρ can be calculated from condition (ii), as by assumption ξ and f are known. For the example presented in section 4.2.1, ρ was chosen to be 200 (since the right-hand side of condition (ii) turned out to be 170, and this serves as a lower bound on ρ ).
Observer design with frequency weighting
The spectral density of the frequency-shaping filter is shown in Figure 1 . In the design of an observer, the frequency shaping filter of figure 1 is used to shape the path between the external disturbance and the observer output error. For the system of equations (8), (9), the same design parameters were used as in the previous 
Simulation Studies
In this section we report on the performance of the two observer-based fault detection schemes designed in section 4. The performance of each of the two schemes is tested through Simulink™. Three case studies are considered as outlined below. In the remainder of this paper we will refer to the frequency weighted design as "our observer", and to the frequency unweighted design as "the alternative design". In each of the three case studies, the system is subjected to the following conditions. The responses of the fault detection filter are shown in Figure 6 , for the following two scenarios: (i) when the fault detection observer is designed without frequency-weighting using existing theory [19] ; and (ii) and when the fault detection observer is designed with frequency-weighting, using the novel approach proposed in this paper. The aim of this study is to compare the two cases and highlight the advantages that are apparent when frequency weighting is incorporated into the observer design procedure. This is evident in the figures where the frequency-weighted filter does not respond to any of the inputs or disturbances, while the traditional observer drifts away after approximately 10 (s), indicating the presence of some sort of fault when in fact there is none.
proposed frequency weighted observer against an existing unweighted observer. Figure 6 shows the responses of the traditional and the frequency weighted observer based fault detection filters. The three figures show the reconstructions of the fault signals, the first two being the actuator faults, x f , and the third being the sensor fault, y f . From these figures it can be concluded that while the alternative observer fails to reconstruct the faults, the proposed frequency weighted observer is able to reconstruct the three simultaneous faults in their entirety in real-time. It can also be concluded that the proposed fault detection filter is insensitive to external disturbances, and therefore would only react when a fault or a combination of faults occur. 
Case Study #3
In this study, we repeat the same scenario of case study The new scheme has been tested on a 10 th order system with a total of three inputs and four outputs. The system is assumed to have two possible actuators faults and one sensor fault. In addition, the system is also assumed to have an unknown disturbance. Two sliding mode fault detection filters are designed, with and without our frequency shaping approach. The performance of the two schemes is then tested through simulation using a number of different fault scenarios. Simulation results have shown that in all of the studied cases the alternative design failed to accurately reconstruct any of the faults, while our fault detection scheme was not only able to accurately detect the occurrence of faults, but also determine their exact locations.
